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A scalable tight-binding model is applied for large-scale quantum transport calculations in clean graphene
subject to electrostatic superlattice potentials, including two types of graphene superlattices: moire´ patterns
due to the stacking of graphene and hexagonal boron nitride (hBN) lattices, and gate-controllable superlattices
using a spatially modulated gate capacitance. In the case of graphene/hBN moire´ superlattices, consistency
between our transport simulation and experiment is satisfactory at zero and low magnetic field, but breaks down
at high magnetic field due to the adopted simple model Hamiltonian that does not comprise higher-order terms
of effective vector potential and Dirac mass terms. In the case of gate-controllable superlattices, no higher-order
terms are involved, and the simulations are expected to be numerically exact. Revisiting a recent experiment
on graphene subject to a gated square superlattice with periodicity of 35 nm, our simulations show excellent
agreement, revealing the emergence of multiple extra Dirac cones at stronger superlattice modulation.
I. INTRODUCTION
Graphene, a single layer of carbon atoms arranged in a hon-
eycomb lattice, was first successfully isolated from a single
crystal in 2004 [1, 2], which subsequently triggered further
investigations on the intriguing properties of relativistic Dirac
fermions [3]. However, to further uncover more novel elec-
tronic properties of the first truly two-dimensional material,
the limited mobility of graphene on standard SiO2 substrates
turned out to be the main factor restricting mean-free path and
phase-coherence length. The discovery of hexagonal boron-
nitride (hBN) as an ideal atomically flat substrate for graphene
[4] boosted the development of high-quality graphene de-
vices. Fabrication of devices that involves the encapsulation
of graphene between two thin hBN multilayers has become a
standard protocol since then [5]. At the same time, the com-
bination of these two different 2D materials in a so-called van
der Waals heterostructure [6] led to the subsequent discovery
of the graphene/hBN moire´ pattern [7] arising from the large-
scale lattice interference due to the slight lattice constant mis-
match.
At small twist angles, the resulting moire´ pattern provides
a natural source of superlattice potential on graphene with pe-
riodicity in the order of ∼ 10nm, leading to the formation
of new superlattice minibands in the electronic band struc-
ture of graphene at energies reachable by standard electro-
static gating. First experiments revealing new transport phe-
nomena (such as the emergence of the Hofstadter butterfly)
were reported in 2013 [8–10]. In the following years, other
exciting transport experiments have been reported [11–17],
as well as a dynamic band structure tuning [18, 19]. More
recently, another approach for inducing a superlattice poten-
tial in graphene has been demonstrated by using patterned di-
electrics [20]. Such a gate-tunable superlattice structure al-
lows for the design of arbitrary superlattice geometries with
defined periodicity but suffers from technical restrictions.
∗ minghao.liu@phys.ncku.edu.tw
On the theory side, most works related to graphene su-
perlattices focus either on calculations for the superlattice-
induced mini-band structures [21–27], or on predicting trans-
port properties by solving the Dirac equation with oversim-
plified superlattice model potential [28, 29]. On the other
hand, quantum transport simulations considering realistic ex-
perimental conditions have been relatively rare in the litera-
ture [30, 31], not to mention a theory work combining quan-
tum transport simulations and mini-band structure calcula-
tions, together with transport experiments. This work aims at
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FIG. 1. (a) A two-terminal graphene device with a superlattice po-
tential within the scattering region only, but not in the attached two
leads. The red box is magnified in the surface plot shown at right to
indicate the smoothing of the superlattice potential. The white box
is magnified in (b) for a genuine graphene lattice and (c) for a scaled
graphene lattice.
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2providing a straightforward method to perform reliable quan-
tum transport simulations, covering both graphene/hBN moire´
superlattices and gate-induced superlattices. As shown in
the following, our transport simulations based on the real-
space Green’s function method for two-terminal structures as
sketched in Figure 1(a) with the superlattice potential arising
either from the graphene/hBN moire´ pattern or from period-
ically modulated gating are consistent with transport exper-
iments as well as mini-band structures based on the contin-
uum model. Our method is applicable equally well to multi-
terminal structures for simulating, for example, four-probe
measurements using the Landauer-Bu¨ttiker approach [32].
This paper is organized as follows. In section II, we briefly
introduce the theoretical methods used in section III, includ-
ing graphene/hBN moire´ superlattice (section III A) and gate-
induced superlattice (section III B). A summary of this work
is provided in section IV.
II. THEORETICAL APPROACHES
A. Real-space tight-binding model for quantum transport
To perform quantum transport simulations for graphene
working in real-space, the scalable tight-binding model [33]
has been proved to be a very convenient numerical trick (see,
for example, [34–38]): the physics of a graphene system can
be captured by a graphene lattice scaled by a factor of s f
such that the lattice spacing is given by a = s f a0 with a0 ≈
0.142nm the carbon-carbon distance and the nearest neighbor
hopping is t = t0/s f with t0 ≈ 3eV the hopping parameter for
a genuine graphene lattice, as long as the scaled lattice spac-
ing a remains much shorter than all important physical length
scales in the graphene system of interest.
In dealing with graphene superlattices, the newly intro-
duced physical length scale not mentioned in Ref. 33 is the
periodicity λ of the superlattice. The advantage of the scal-
ing can be easily appreciated by comparing Figure 1(b) and
Figure 1(c): The former considers a genuine graphene lattice
involving lots of carbon atoms, while the latter considers a
scaled graphene lattice (here s f = 2 for illustrative purposes)
involving a much reduced number of lattice sites. As long as
a λ is satisfied, a reasonably large area covering enough
superlattice periods can be implemented in real-space quan-
tum transport simulations to reveal transport properties arising
from the superlattice effects.
The model Hamiltonian including the superlattice potential
Us(x,y) using the scaled graphene lattice can be written as
H =−t ∑
〈i, j〉
c†i c j +∑
j
U(r j)c†jc j , (1)
where the operator c j (c
†
j ) annihilates (creates) an electron at
site r j = (x j,y j). The first term in Eq. (1) represents the clean
part of the Hamiltonian which contains nearest neighbor hop-
pings summing over site indices i and j with 〈i, j〉 standing for
|ri− r j|= a, and the second term is the on-site energy
U(x,y) =Us(x,y)Fs(x,y)+U0(x,y) , (2)
containing the superlattice potential Us(x,y) smoothed by
a model function Fs(x,y) = fs(x,−L/2 + d) fs(−x,L/2 −
d) fs(y,−W/2 + d) fs(−y,W/2 − d) with fs(z,z0) = {1 +
tanh[(z− z0)/`s]}/2, where `s is a smoothing parameter typ-
ically taken as `s = λ/4. The purpose of smearing off the
superlattice potential function Us to zero at a distance d (typi-
cally taken as λ ) away from the edges and the leads [see Fig-
ure 1(a) and its inset] is to avoid any spurious effects due to
the combination of the superlattice potential and the physical
edges of the graphene lattice, as well as to avoid oversized
unit cells for the lead self-energies. Any contributions to the
on-site energy term other than the superlattice potential are
collected in the U0 term in Eq. (2).
With the model Hamiltonian Eq. (1) constructed, together
with self-energies Σ1 and Σ2 describing the attached two leads
(following, for example, Ref. 39), the retarded Green’s func-
tion at energy E is given by
Gr(E) =
1
E− [H +Σ1(E)+Σ2(E)] , (3)
leading to the transmission function
T (E) = Tr[Γ1(E)Gr(E)Γ2(E)G†r (E)] , (4)
where Γ j = i(Σ j −Σ†j) with j = 1,2 is the broadening func-
tion. In the low-temperature low-bias limit, the conductance
across the modeled scattering region is given by the Landauer
formula G = (2e2/h)T , where the factor of 2 accounts for the
spin degeneracy. For a pedagogical introduction to the above
outlined real-space Green’s function, see, for example, Ref.
32. Note that in most simulations, the full matrix of Eq. (3) is
not needed, suggesting that a partial inversion should be im-
plemented in the numerics to avoid wasting computer memo-
ries and CPU time. On the other hand, the matrix version of
the Fisher-Lee relation (4) can be implemented as the way it
reads.
B. Continuum model for mini-bands and density of states
To calculate the mini-band structure of graphene in the
presence of a superlattice potential Us(r), we consider an in-
finitely large two-dimensional pristine graphene described by
H0 in k-space. Following Ref. 21, we start with the contin-
uum model Hamiltonian near the K valley:
H (k) = h¯vF
(
0 −ikx− ky
ikx− ky 0
)
+Us(r)
(
1 0
0 1
)
, (5)
where the first term isH0 and superlattice potential in the sec-
ond term is treated as a perturbation. In Eq. (5), the product of
the reduced Planck constant h¯ and Fermi velocity vF is related
to the tight-binding parameters through h¯vF = (3/2)ta, and
the two-dimensional wave vector (kx,ky) = k is small relative
to the K point. Using the eigenstates of H0(k) as a new basis,
we solve the eigenvalue problem of Eq. (5) to obtain a set of
linear equations:
[E−εs(k)]cs(k) =∑
s′,G
1+ ss′e−iθk,k−G
2
U (G)cs′(k−G) , (6)
3where E is the energy eigenvalue of the graphene superlattice,
εs(k)= sh¯vF k is the eigenenergy ofH0(k) associated with the
s branch (s = 1 for electron above the Dirac point and s =−1
for hole below the Dirac point), UG is the Fourier component
of Us(r) with the reciprocal lattice vector G= m1G1 +m2G2
of the superlattice potential, θk,k−G is the angle from k−G
to k, and cs(k) are the expansion coefficients of the pristine
graphene eigenstates.
The infinite-dimensional matrix spanned by the states with
wave vectors ∑m1,m2 k+m1G1 +m2G2 in Eq. (6) allows for
solving for E and hence calculating the band structure. Since
we focus on the low-energy region, a matrix involving states
with |m1| ≤ 3 and |m2| ≤ 3 is found to be sufficient to attain
the convergence of the band structure.
The density of states D as a function of energy can be cal-
culated by
D(ε) =
2
(2pi)2
∫
1stBZ
δ (E− ε)dkxdky , (7)
where the integration is taken over the first Brillouin zone.
Since D is proportional to the number of energy eigenstates, it
can be used to compare with the transport calculations.
III. ELECTROSTATIC SUPERLATTICES IN GRAPHENE
A. Graphene/hBN moire´ superlattices
Formation of the moire´ pattern due to the stacking of hBN
and graphene lattices has been understood in one of the earli-
est experiments [7]. Following their model, the moire´ pattern
results in a triangular periodic scalar potential described by
Us(r) =V ∑
j=1,2,3
cos(G j · r) , (8)
where V = 0.06eV is the amplitude of the model potential
and G1(λ˜ , θ˜) is the reciprocal primitive vector of the moire´
pattern corresponding to the primitive vector L1(λ ,θ) =
λ (cosθ ,sinθ) in real space. The orientation angle θ˜ and
wavelength λ˜ are related with those in real-space through
θ˜ = θ+pi/2 and λ˜ = 4pi/
√
3λ . The other two reciprocal vec-
tors are given by G2(λ˜ , θ˜) =G1(λ˜ , θ˜ +pi/3) and G3(λ˜ , θ˜) =
G1(λ˜ , θ˜ + 2pi/3). Following [27] with the zigzag lattice di-
rection arranged along the x axis, the moire´ wavelength λ and
the orientation angle θ of the pattern are given by
λ =
1+ ε√
ε2+2(1+ ε)(1− cosφ)aG
θ = arctan
−sinφ
1+ ε− cosφ
, (9)
where aG =
√
3a0 ≈ 0.246nm is the graphene lattice con-
stant, ε = (ahBN − aG)/aG ≈ 1.81% is the lattice constant
mismatch with ahBN ≈ 0.2504nm the hBN lattice constant,
and φ is the twist angle of the hBN lattice relative to the
graphene lattice. An illustrative example with φ = 5◦ is
sketched in Fig. 2(a), where an overlay of Us(x,y) given by
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FIG. 2. (a) An example of stacked graphene and hBN lattices with
twist angle φ = 5◦ showing the resulting moire´ pattern with wave
length λ and the orientation angle θ . The overlay of the color map
is given by the moire´ model potential (8) with yellow (bright) and
blue (dark) representing the maximum 3V and minimum−3V/2, re-
spectively. The φ dependence of λ and θ are shown in (b) and (c),
respectively, based on Eq. (9). (d) Experimentally measured two-
terminal conductance as a function of back gate voltage Vbg at low
temperature. Inset: the AFM image of a typical junction similar to
the measured device. (e) Simulated conductance as a function of
Vbg at zero temperature with Fermi energy in the leads fixed (black
dashed) and floating (red). See the main text for details. Scale bar:
5nm on (a) and 1µm on the inset of (d).
Eq. (8) is shown to match perfectly the lattice structure of the
resulting graphene/hBN moire´ pattern. For completeness, λ
and θ as functions of the twist angle φ are plotted in Fig-
ure 2(b) and (c), respectively, where the hollow squares mark
the φ = 5◦ example of Figure 2(a) and the hollow circles mark
the φ = 0.9◦ case corresponding to our transport experiments
and simulations to be elaborated below.
According to Ref. 21, the expected secondary Dirac points
in the presence of a triangular superlattice potential occur at
the M points of the hexagonal mini-Brillouin zone in k space,
with a distance λ˜/2 to the Γ point (where the normal Dirac
point resides). Taking k =
√
pi|n| as an estimate for the cor-
responding carrier density n, this suggests that the example of
Fig. 1(a) with φ = 5◦ requires a density above 5×1013 cm−2,
which is beyond a reasonable density range from typical
electrostatic gating. Indeed, observable graphene/hBN su-
perlattice effects are typically found only in nearly aligned
graphene/hBN stacks with a very small twist angle. On the
other hand, the M points for the case of φ = 0.9◦ are expected
at a density no more than 4× 1012 cm−2, lying in the typical
density range using standard electrostatic gating.
41. Transport at zero magnetic field
To test the validity of the quantum transport simulation il-
lustrated in section II A using the above moire´ superlattice
model potential Eq. (8), we compare our simulations with
the experimental results obtained from a two-terminal de-
vice based on a hBN/graphene/hBN stack on a Si/SiO2 sub-
strate, where the crystallographic axis of the graphene flake is
aligned with respect to one of the hBN flakes. Electric contact
to the graphene is made from the edge of the mesa [40] with
self-aligned Ti/Al electrodes. We use the Si wafer as an over-
all back gate with a two-layer dielectric consisting of SiO2
with thickness dSiO2 = 300nm and the bottom hBN flake with
thickness dhBN = 20nm. A typical exemplary junction similar
to the measured device is shown by the atomic-force mircro-
scope (AFM) image in the inset of Fig. 2(d) and marked by
the white dashed box. Figure 2(d) shows the two-terminal
differential conductance of our sample as a function of the
back gate voltage Vbg, measured at low temperature (≈ 4.1K),
using standard low-frequency (≈ 13Hz) lock-in technique.
To simulate such a conductance measurement, we have cal-
culated the transmission T (E) as a function of Fermi energy
E at zero temperature, and hence the conductance G(E) =
(2e2/h)T (E), based on a s f = 4 tight-binding model Hamil-
tonian, for a two-terminal device similar to Figure 1(a) with
L=W = 500nm, implementing the moire´ model potential (8)
with a twist angle φ . To compare with the experiment on the
same voltage axis, we adopt the parallel-plate capacitor for-
mula for the carrier density, n = (C/e)Vbg, and relate n with
the Fermi energy through E = sgn(n)h¯vF
√
pi|n|. These give
us
Vbg =
e
piC
(
E
h¯vF
)2
sgn(E) , (10)
where C is the back gate capacitance per unit area with C/e=
(ε0/e)(dSiO2/3.9+dhBN/4.2)
−1≈ 6.77×1010 cm−2V−1. Us-
ing this capacitance value, the exhibiting conductance dips
at Vbg = +54.5V and −59.9V observed in Figure 2(d) cor-
respond to densities about +3.7× 1012 cm−2 and −4.0×
1012 cm−2, respectively, so that the twist angle is estimated to
lie in the range of 0.85◦ < φ < 0.95◦. Indeed, when choosing
φ = 0.9◦ for the moire´ model potential Eq. (8), the simulated
conductance G(Vbg) transformed from G(E) and reported in
Figure 2(e) is found to show excellent agreement with the ex-
periment Figure 2(d) in the positions of the conductance dips.
Note that the red curve reported in Figure 2(e) considers
leads with on-site and Fermi energies identical to those at
the attaching lattice sites; see Figure 1(a). Compared to Fig-
ure 2(d), the electron-hole asymmetry is less pronounced due
to the simple model of Eq. (8) from Ref. 7. Although ac-
counting for an electron doping from the metal leads sim-
ply by fixing the Fermi energy in the leads with a positive
value can make the conductance curve [black dashed curve
in Figure 2(e) with Fermi energy 0.32eV in the leads] even
more similar to the experiment, the nature of the electron-hole
asymmetry observed in Figure 2(d) comes from higher-order
terms such as the effective vector potential and Dirac mass
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FIG. 3. Calculated (a) conductance, (b) density of states, and (c)
mini-band structures, all based on the same moire´ superlattice poten-
tial (8) with φ = 0.9◦. In the main panel of (c), an energy window
is highlighted in yellow; see the main text. In the side plot of (c),
the three-dimensional mini-band structure shows only the lowest two
conduction and valence bands.
terms [25–27] needed for a model Hamiltonian that can better
describe the graphene/hBN moire´ superlattice. We will con-
tinue our discussions with calculations based on leads with
“floating” Fermi energies.
Without transforming to the gate voltage axis, the original
conductance data of Figure 2(e) as a function of energy is re-
ported in Figure 3(a) with a wider energy range up to±0.4eV.
Compared to the density of states [Figure 3(b)] and the band
structure [Figure 3(c)] which are calculated based on the same
moire´ superlattice model potential but within the continuum
model (section II B), consistent features in the energy spec-
trum can be seen. In view of Figure 2(d)–(e) and Figure 3,
our calculations significantly capture some of the basic prop-
erties of the graphene/hBN moire´ superlattice, at least at zero
magnetic field.
2. Transport at finite magnetic field
We continue our comparison of the experimentally mea-
sured and theoretically calculated conductance G(Vbg) with,
however, finite magnetic field B perpendicular to the graphene
plane, which can be modeled by associating the Peierls phase
[32, 41] to the hopping t → teiΦ in Eq. (1), where Φ =
(e/h¯)
∫ ri
r j A · dr, choosing the Landau gauge A = (−yB,0,0)
for the vector potential A; see the axes shown in Figure 1.
Conductance maps of G(Vbg,B) are reported in Figure 4(a)/(b)
from the experiment/theory showing magnetic field up to 5T
and the gate voltage range same as Figure 2(d)/(e). Note that
the red curves of Figure 2(d)/(e) correspond exactly to the hor-
izontal line cuts at B = 0 of Figure 4(a)/(b). Within the gate
voltage range of about −45V . Vbg . +45V, typical rela-
tivistic Landau fans can be seen in both experiment and the-
ory. To have a closer look, we magnify the regions marked by
the black dashed box on Figure 4(a)/(b) in Figure 4(c)/(d) with
a different color map to highlight the quantized conductance
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FIG. 4. Conductance maps G(Vg,B) from (a) experiment and (b)
theory, with regions marked by the black dashed boxes magnified
and recolored in (c) and (d), respectively. The color bar in (c) is
shared with (d), calibrating the conductance in units of e2/h. Num-
bers on (d) are filling factors on the corresponding plateaus. (e) The
simulated conductance map with high gate voltages surrounding the
electron-branch secondary Dirac point. The red line corresponds to
the horizontal line cut shown in (f).
plateaus. Numbers−6,−10, · · · ,−38 on Figure 4(d) label the
filling factor ν on the corresponding plateau with the expected
conductance |ν |e2/h. Good agreement between experiment
[Figure 4(a) and (c)] and theory [Figure 4(b) and (d)] within
the main Dirac cone can be seen.
At gate voltages |Vbg|& 45V, transport properties are dom-
inated by the extra Dirac cones arising from the modulat-
ing moire´ superlattice. Discrepancies between the experiment
and theory are self-evident. This suggests that the neglected
higher-order terms of a more complete model Hamiltonian
(see, for example, Refs. 25–27) become important when the
magnetic field is strong. Interestingly, we note that in the the-
ory map of Figure 4(b), some unusual plateaus in the energy
range around the electron-branch secondary Dirac point can
be observed. We magnify this region in Figure 4(e) with a hor-
izontal line cut shown in Figure 4(f), where the gate voltage
range showing quantized conductance plateaus is highlighted
by a yellow background.
This Vbg range, transformed back to the energy through Eq.
(10), corresponds to an energy window where part of the elec-
tron branch of the secondary Dirac cones at M points of the
superlattice mini-Brillouin zone are completely isolated. The
respective energy window is highlighted also by yellow in Fig-
ure 3(c). Since there are effectively 3 such Dirac cones (six
cones on six M points within each mini-Brillouin zone but
each cone shared by two neighboring mini-Brillouin zones),
the degeneracy factor is expected to be 3× 2× 2 = 12 with
×2 accounting for spin and another ×2 for valley. Indeed, in
the quantum Hall regime, the calculated conductance is quan-
tized to 6,18,30,42 e2/h as shown in Figure 4(f). Outside
this energy (and hence back gate voltage) range, the higher-
order Dirac cones are always mixed with background bands,
so that no quantized conductance is observed. However, such
special energy window leading to the 12-fold-degeneracy of
the Landau levels at the secondary DP is never observed in
transport experiments with graphene/hBN moire´ superlattices
[8, 9, 14–16], including ours shown in Figure 2(d), indicat-
ing once again that the simplified model of Eq. (8) containing
only the electrostatic scalar potential term is not sufficient to
capture transport properties of graphene/hBN moire´ superlat-
tices at high magnetic fields, i.e. in the quantum Hall regime.
As we will see below, when the graphene superlattice poten-
tial comes solely from the electrostatic gating, our method be-
comes exact because in that system no such higher order terms
are involved.
B. Gate-controlled superlattices
To observe any superlattice effects in graphene, the mean
free path must be able to cover enough periods of the super-
lattice potential. This means, either the sample quality must
be extraordinary, or the superlattice periodicity must be short
enough. When the periodicity is too short, however, the result-
ing extra Dirac cones appear at too high energy, exceeding the
experimentally reachable range. This is why the discovery of
the graphene/hBN moire´ pattern [7] led to first of its kind stud-
ies on graphene superlattices – the periodicity corresponding
to small twist angles turns out to be naturally in a suitable
range for experiments; see Figure 2(b). On the other hand, the
superimposed superlattice potential due to the graphene/hBN
moire´ pattern is defined as a hexagonal lattice emerging from
the two host lattices.
A more flexible approach to design artificial graphene su-
perlattice structures for band structure engineering was pur-
sued with the realization of electrostatic gating schemes [20].
To create an externally controllable periodic potential, the
most intuitive way is to pattern an array of periodic fine metal
gates on top of the graphene sample [42, 43]. However, due to
technical difficulties such as instabilities of nanometer-scale
local gates, the low adhesion between metal gates and the inert
hBN, etc., such superlattice graphene devices often suffer the
problem of very low sample yield [44]. The basic idea of the
new technical breakthrough is to keep the hBN/graphene/hBN
sandwich intact, while periodically modulating the gate ca-
pacitance. This can be achieved either by using few-layer
graphene as a local gate which is subsequently etched with
a periodic pattern [44, 45], or by etching the dielectric layer
with a periodic pattern using a standard uniform back gate un-
derneath the modulated substrate [20]. The latter will be our
focus in the rest of this section.
Following the geometry of the device subject to a square
superlattice potential with periodicity λ = 35nm presented in
Ref. 20, we have performed our own electrostatic simulation
to obtain the back gate capacitance showing periodic spatial
modulation. We consider an hBN/graphene/hBN sandwich
(showing no measurable moire´ superlattice effects) gated by
a global top gate contributing a uniform carrier density ntg,
and a bottom gate at voltage Vbg with a pre-patterned SiO2
substrate in between. See Fig. 1 of Ref. 20. The bottom
gate capacitance therefore shows a spatial modulation with a
square lattice symmetry, as shown in the lower left inset of
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FIG. 5. (a) Inverse transmission 1/T as a function of top-gate-
contributed carrier density ntg and back gate voltage Vbg for the sim-
ulated virtual device similar to one of those reported in Ref. 20. Up-
per inset: Device geometry with the modulated back gate capaci-
tance profile showing a spatial modulation of periodicity λ = 35nm.
The boxed region is magnified in the lower inset with the color
bar calibrating the value of back gate capacitance Cbg in units of
1010 cm−2V−1. The three horizontal color lines marked on the main
panel of (a) correspond to the line cuts shown in (b)–(d).
Figure 5(a).
With the electrostatically simulated position-dependent
back gate capacitance per unit area Cbg(x,y), contributing
carrier density nbg(x,y) = [Cbg(x,y)/e]Vbg, together with the
uniform ntg, the resulting superlattice potential is given by
Us(x,y) = −sgn[n(x,y)]h¯vF
√
pi|n(x,y)| with n = nbg + ntg,
in order to set the global transport Fermi level at zero [46].
Slightly different from the case of the graphene/hBN moire´
superlattice (section III A) where the model potential Us(x,y)
given by Eq. (8) is independent of the gating, we consider
U(x,y) =Us(x,y) for the on-site energy term (2), and imple-
ment it in the tight-binding Hamiltonian (1) with s f = 6 to
perform quantum transport simulations over a two-terminal
structure with L = 420nm and W = 385nm; see the upper
right inset of Figure 5(a).
To compare with the resistance measurements reported in
Ref. 20, we plot the inverse transmission 1/T as a function of
ntg and Vbg in the main panel of Figure 5(a), where most ar-
eas show high transmission (white regions correspond to low
1/T ). Along the diagonal dark thick line showing high 1/T
values due to the main Dirac point, multiple satellite peaks can
be seen when increasing |Vbg| and hence the magnitude of the
square superlattice potential, signifying the emerging multiple
extra Dirac points due to the gate-controlled square superlat-
tice potential. Exemplary line cuts are plotted in Figure 5(b)–
(d) to show clearly the single- and multiple-peak structures, in
excellent agreement with the experiment [20].
We have also checked the consistency between the calcu-
lated mini-band structures and the simulated inverse transmis-
sion. Overall, we obtain band structures similar to that re-
ported in Ref. 20, but since each (ntg,Vbg) point corresponds
to a different Us(x,y) profile and hence a different mini-band
structure, an overview consistency-check like in Figure 3 is
technically not possible. Instead, the consistency can be
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FIG. 6. Mini-band structures based on the continuum model, show-
ing six bands closest to the main Dirac point, labeled from high to
low energy by C3 (yellow), C2 (blue), C1 (red), V1 (green), V2 (or-
ange), and V3 (purple), implementing Us(x,y) displayed over a range
of 2λ × 2λ above each main panel. Subfigures (a), (b), and (c) cor-
respond to (ntg,Vbg) configurations labeled by the left, middle, and
right black arrows marked in Figure 5(b), respectively. The black
dashed boxes at the middle of the main panels mark the E = 0 trans-
port Fermi level, where the intersected subband Fermi contours are
shown below the corresponding band structure: V1 (green) and V2
(orange) in (a), C1 (red) in (b), and C1 (red) and C2 (blue) in (c).
Symmetry points are partly labeled in a way that avoids disturbing
the Fermi contours from data.
checked by comparing the 1/T peaks and their correspond-
ing mini-band structure around E = 0. We have chosen three
particular (ntg,Vbg) configurations corresponding to the three
black arrows in Figure 5(b) marking three of the 1/T peaks, at
which the E = 0 Fermi level is expected to hit either the main
or the extra Dirac points.
These mini-band structures, along with the actual Us(x,y)
profiles implemented individually in the continuum model
(section II B) are shown in Figure 6. Going from low to high
ntg [left, middle, and right black arrow in Figure 5(b)], the
highest filled energy rises relative to the main Dirac point, cor-
responding to the sinking of the whole band structure due to
our choice of fixing the Fermi level at E = 0 [Figure 6(a), (b),
and (c)]. As expected, the highest peak in Figure 5(b) marked
by the middle black arrow corresponds to Figure 6(b), where
the main Dirac point is nearly hit; see the lower sub-panel
therein and the relevant caption. From the E = 0 Fermi con-
tours of Figure 6(a) and (c), the two satellite 1/T peaks seen
in Figure 5(b) are mainly contributed by the secondary Dirac
points at X , labeling the midpoints on the edges of the square
mini-Brillouin zone.
7Note that the mini-band structures shown in Figure 6,
though corresponding to an increasing uniform ntg, do not ex-
hibit simply an energy shift without changing the band shape.
Compare, for example, the shapes of the lowest subbands.
In addition, in this simulated case, no energy windows ac-
commodating completely isolated extra Dirac points can be
found. We note, however, that by properly designing the
gate capacitance geometry, it is possible to find isolated ex-
tra Dirac points, even at Γ. When isolated extra Dirac points
are found, electronic transport is supported solely by the iso-
lated extra Dirac cone, and more novel transport properties of
band-engineered graphene superlattices can be explored. This
is beyond the scope of the present work and is left as a future
direction to further elaborate.
IV. CONCLUDING REMARKS
In summary, we have shown that quantum transport simula-
tions based on the scalable tight-binding model [33] correctly
capture transport properties of electrostatic graphene super-
lattices. In the case of graphene/hBN moire´ superlattice (sec-
tion III A), the consistency of our simulation and experiment
at zero and low magnetic field is rather satisfactory but breaks
down at strong magnetic field due to the neglected higher-
order terms in a more complete model Hamiltonian [25–27].
In the other case of gated superlattices (section III B), without
such higher order terms the simulations are expected to be ex-
act. Indeed, compared to the transport experiment with a gate-
controlled square superlattice reported in Ref. 20, our simula-
tions show an excellent agreement in revealing the emergence
of multiple extra Dirac cones at zero magnetic field. Transport
simulations at finite magnetic field for the gated superlattices
are expected to reveal also consistent behaviors compared to
the experiment, but are left as a future work.
Our work shows that real-space transport simulations based
on the scalable tight-binding model [33] can be extended to
treat electrostatic superlattices, whether of the graphene/hBN
type or the modulated gate capacitance type, providing con-
sistent results compared to experiments. The method can be
immediately applied to take into account, for example, com-
plex local gating or multi-probe transport, in order to make
further analysis for transport experiments or even reliable pre-
dictions. We note some recent studies working on developing
numerical techniques that allow large-scale efficient transport
simulations [47–49], but scaling the graphene lattices with an
appropriately chosen scaling factor depending on the super-
lattice periodicity seems to be of least technical complexity
and is readily applicable to anyone who is familiar with quan-
tum transport using, for example, real-space Green’s func-
tion method [32] or the popular open-source python package
KWANT [50].
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